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Abstract. Let V n —< ei, . . . , e n +i > be a vector products n-Lic 
algebra with n-Lie commutator [ei, ... ,e%,... , e n +i] = 
over the held of complex numbers. Any hnite-dimcnsional n-Lie 
V^-module is completely reducible. Any hnite-dimensional irre- 
ducible n-Lie T^-module is isomorphic to a n-Lie extension of 
so n+ \ -module with highest weight titi for some nonnegative in- 
teger t. 

1. Introduction 

An algebra A = (A, [ , ]) with a n-multiplication [ , ] : A n A — > 
A, (ai, . . . , a n ) i— > [ai, . . . , a„] is called it n-Lie, if 

2n-l 

[ax, . . . , a n _i, [a n , . . . , a2 n -i ]]= £ (-mh, . . . 

j O n— 1) ^i] > ^nj • • ■ j Q'ii • • • i ^2n— l] 

i=n 

for any a t , . . . , a 2n _i 

To any n-Lie algebra one can associate a Lie algebra L(A) = A n ~ 1 A, 
called basic Lie algebra, with a multiplication given by 

n-1 

[diA- • -Aa n _i,6iA- • -Abn-i] = £(-l)* +1 [[ai, . . . , a n -i, k], b h ... ,&»,... A-i], 

i=l 

or by 

n-1 

[oiA- • -Aa n _i,6iA- ■ -A6 n _i] = £(-l)* +n [ai, ... ,d i} . . . ,a n , [a h b x , . . . ,6 n -i]]> 

i=l 

where b\ means that the element 6j is omitted. 

Example 1. Let A = K[xi, . . . , x n ] under Jacobian map (ai, . . . , a n ) i— ► 
det (di(aj)). Then A is n-Lie ||, Q and its basic algebra is isomorphic 
to divergenceless vector fields algebra S n ~i ||. 

Example 2. Let V n be (n+ l)-dimensional vector space with a basis 
{ei, . . . , e n+ i}. Then V n under a n-Lie multiplication [ei, ... , Si, . . . , e n+1 ] = 
(— l) l ej can be endowed by a structure of n-Lie algebra. This algebra 
is called vector products n-Lie algebra. For n = 2 we obtain well known 
vector products algebra on K 3 . /From results of || it follows that 
L{V n ) S SOn+1 . 

l 
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Let U(L(A)) be an universal enveloping algebra of the Lie algebra 
L(A). Let Q(A) be an ideal of U(L(A)) generated by elements 

X air .. ,02„_2 = [ a i> • • • 5 a n] A a n+ i A • • • A a2n-2 
2n-2 

- A ■ • ■ a"i A • • • A a n )(a t A a n+ i ■ ■ ■ a 2n - 2 ), 

j=n+l 

where a,\, . . . , a 2n _ 2 G A. Let Z7(A) be a factor-algebra of U(L(A)) by 
the ideal Q(A). 

A module M of the Lie algebra L(A), or U(L(A))-module, is called 
module of n- Lie algebra A, if acts on M in a trivial way. Such 

n-Lie modules have the following property: if A is any n-Lie algebra 
and M is any n-Lie module over A, then their semi-direct sum A + M 
is once again n-Lie algebra. This is the main reason why we consider 
L(v4)-modules with the condition Q(A)M = as n-Lie modules. 

One can expect that the n-Lie algebra V n plays in theory of n-Lie 
algebras a role like sl 2 in theory of Lie algebras. The aim of our paper 
is to describe all finite-dimensional representations of vector products 
n-Lie algebra over the filed of complex numbers. 

Let 7Ti, . . . , 7r[ n+ i/2] be the fundamental weights for so n+ i. Recall that 
so 4 = sl 2 © sl 2 and any irreducible so 4 -module can be realized as sl 2 © 
s/2-module Mt >r = M t ® M r , where M t denotes (t + 1) -dimensional 
irreducible s/2-module with highest weight t. 

The main result of our paper is the following 

Theorem 1.1. K = C. 

i) Any finite- dimensional n- Lie representation ofV n ,n > 2, is com- 
pletely reducible. 

ii) Let Mt >r be an irreducible so^-module with highest weight (t,r). 
Then M tyr can be prolonged to 3- Lie module over V3, if and only if 
t = r. 

iii) Let M be an irreducible module of Lie algebra so n+1 , n > 3, with 
highest weight a. Then M can be prolonged to n-Lie module of V n , if 
and only if a has a form tffi, for some nonnegative integer t. 

So, we obtain complete description of finite-dimensional n-Lie V n - 
modules over C. Our result shows that any irreducible n-Lie represen- 
tation of V n is ruled by some nonnegative integer t as in the Lie case 



V 2 — s h- Call t mentioned in theorem n-Lie highest weight. 

Corollary 1.2. (K = C,n > 2) The dimension of any irreducible 
n-Lie V n -module with highest weight t is equal to n+ -'' _l ' "+'-' 



n+t—l 

For example, the dimension of any irreducible V^-module with high- 
est weight t is equal to (t + l) 2 . 
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Remark. If n — 3 and if we allow considering infinite-dimensional 
modules, then studying of ^-representations can be reduced to the 
problem on describing of gl\-modu\es. A definition of complex size 
matrices algebra gl\ see [[|, ||. One can prove that U(V$) has a sub- 
algebra isomorphic to gl\ ® gl\. 

2. n-LlE MODULES 

Let A = (A, uj) be a n-Lie algebra with multiplication u. This means 
that uj G C n (A,A) is a skew-symmetric polylinear map uj : A n A — > A 
with n arguments and satisfies the following n-Lie identity (Leibniz 
rule) 

u)(ai, . . . , a n -i, uj(a n , . . . , a2 n ~\)) = 

2n-l 

w (fltn • • • j u;(ai, . . . , a^), a^+i, . . . , a2 n _i), 

i=n 

where a%, . . . , a2 n -i are any elements of A M The Leibniz rule can be 
written as follows 

u;(ai, . . . , a n _i, uj(a n , . . . , a2 n -i)) = 

2n-l 

(-l) n+l ^(^(ai, • • • , an-i, a*), a n , . . . , d u . . . , a 2n -i), 

i=n 

for any ai, . . . , ct2n-i G A Here the notation dj means that a^ is omit- 
ted. 

Let .End A be a space of linear maps A —> A. Recall that an operator 
D G End A is called derivation, if 

re 

D(u(a 1 , ... , On)) = ^ ^( fl i7 • • • , a%-i, D(a,i), a i+1 , ... ,a n ), 
i=i 

for any a±,...,a n G A. Let .Der A be a space of derivations of A. 
According n-Lie identity for any n — 1 elements ai, . . . , a n _i G A one 
can correspond adjoint derivation ad{ai,... , a n _i} G .Der A by the 
rule 

ad {a u . . . , a n _i}a = cj(ai, ... ,a n ). 

Call a derivation .D G -Der A interior, if there exists some ai, . . . , a n _i G 
A, such that D = ad{ai, . . . ,a n _i}. Denote by Int A a space of inte- 
rior derivations of A. Then Der A is a Lie algebra under commutator 
(Dx,D 2 ) i — ► := D X D 2 - D 2 D X and Int A is its Lie ideal. Notice 

that the commutator of Int A can be given by 

[ad {ai, . . . , a„_i}, ad {&i, . . . , & n _i}] = ad {ci, . . . , c n _i}, 
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where 

n-l 

{ci, . . . ,c n _i} = ^(-l)* +1 w(w(ai, . . . ,a n _i,6j),6i, ... A, . . . A-i)- 

i=i 

By skew-symmetric condition {c±, . . . , c n _i} can be defined also by 

n-l 

{ci,... ,c n _i} = - ^(-1)V>(cj(6i, . . . ,6 n _i,Oi),ai,... ,aj,... ,a n _i). 
i=i 

Moreover, the (n — l)-th exterior power = A n_1 A under commu- 

tator 

[ai A a 2 A • • • A a n _i, &i A 6 2 A • • ■ A = q A c 2 A • • • c n _i 

can be endowed by structure of Lie algebra (write {ai, . . . ,a„_i} in- 
stead of ax A a 2 A • • • a n _x ). The adjoint map 

A n ~ 1 A — > Jnt A, ai A • • • A a„_i i— > ad {a 1; . . . , a n _i}, 

gives us a homomorphism of Lie algebras. Following L. Takhtajan call 
a frasic Lie algebra of A. 
A vector space M is called A-module, or n-Lie module over A, if 
there are given n polylinear maps 

Ui : A® • • • <8> A® M <8>A ■ ■ ■ <g) A — > M, i = 1, . . . , n, 

i 

such that 

• u>i(ai, . . . , Oj_i, m, Oj+i, . . . , a n ) is skew-symmetric by all a-type 
arguments 

u>i(ai, . . . , aj_i, to, Oj+i, aj+2, . . . , a n ) = — u;j + i(ai, . . . , aj_i, aj+i, to, aj+2, . . . , a n ), 
for any i = 1, . . . , n — 1, and 

cj n (ai, . . . , a n _i, a;„(a n , . . . , a 2ra _ 2 , to)) = 

2n-2 

X! ^n(o n , • • • , cii-i,u(ai, . . . , a n _i, aj), a i+ i, . . . , a 2 „_2, to) 

i=n 

+U n (a n , . . . , a 2n _ 2 , ^n(Ol, • • • , On-1, to)), 

for any a 1; . . . , a 2n _2 G A and to G M, 

w n _i(ai, . . . , a n _ 2 , to, cu(a„, . . . , a 2n -i)) = 

2n-l 

Wi(an, • • • , a-i-i, ^n-i(oi, . • • , a n _2, to, a*), aj+i, . . . , a 2n -i), 

i=n 

for any . . . , a„_ 2 , a„, . . . , a 2n -i £ A and to G M. 
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If M is an A-module, we will say that there are given representation 
(u)i, . . . , ui n ) of A on the vector space M. 

So, any module of n-Lie algebra is an usual module of Lie algebra, if 
n = 2. If n > 2, then any module of n-Lie algebra A is a Lie module of 
the basic Lie algebra L(A) under representation p : A n ~ 1 A — > EndM 
defined by p(a x A ... A a n _i)(m) = u n (cti, . . . ,a n _ l5 m), such that 

p(u(a 1 , ... , a n ) A a n+1 A • ■ ■ A a 2n _ 2 ) = 

n 

^(-l) i+n p(a! A ... A di A ... A a n )p(a l A a n+1 A • • • A a 2n -2), 

(1) 

for any ai, . . . , ct2n-2 € A. If M is a Lie module over Lie algebra 
that satisfies the condition (0) for any a±, . . . , a 2n -2 £ A, then we will 
say that Lie module structure on M over can be prolonged to a n- 
Lie module structure over n-Lie algebra A, or shortly that Lie module 
M can be prolonged to n-Lie module. 

Example. For any n-Lie algebra A its adjoint module, i.e., a module 
with vector space A and the action (ai A . . . A a n _i)6 = [a±, . . . , a n -i, &] 
is n-Lie module. 

For Lie algebra L denote by U(L) its universal enveloping algebra. 
Let Q(A) be an ideal of U(L(A)) generated by elements 

X aXr .. )Cl2n _ 2 = u(ai, . . . , a n ) A a n+ \ A • • • A a2n-2 

n 

- X]( _1 )*( a i A • • • A Oj - • • A a n ) (a, A a n+i A • ■ ■ A a 2n _ 2 )- 
i=i 

Let C7(A) be factor-algebra of U(L(A)) over Q(A). 

Any Lie module of L(A) can be prolonged to n-Lie module, if and 
only if it is trivial Q( A) -module. In other words, there are one-to 
one correspondence between n-Lie modules and U (A)-modu\es. In this 
sense U (A) can be considered as universal enveloping algebra of n-Lie 
algebra A. 

Let A be a n-Lie algebra and M be an A-module. For simplify- 
ing notations we will write u(ai, . . . , aj_i, m, a^+i, . . . , a n ) instead of 
u>i(ai, . . . , aj_i, m, a i+ i, . . . , a n ). Then n-Lie module conditions can be 
written in a unique way 

■■■ , K-l, U(b n , ... , &2n-l)) = 

2n-l 

w{b n , . . • , fcj-i, cj(6i, . . . , b n -i, bi), . . . , bi + i, . . . , &2n-i), 
for any b 1: . . . , b 2n -i e A + M. 
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Let A = A + M be a direct sum of vector spaces A and M. Endow 
A by the structure of n-multiplication uj by the following rules 

u(ai, ... ,a n ) = u(a u . . . ,a n ), 

if d, . . . , a n G A, 

w(oi, . . . , ai_i, m, ai + i, ... , a n ) = w;(ai, ... , Oi-i, m, a i+ x, ... ,a n ), 

if ai, . . . , ctj-i, Oi+i, ...6A,m6M,i = l,... , n, and 

u(bi, ... , b n ) = 0, 

if at least two elements of the set {&i, . . . , 6 n } C Q belongs to M. 

It is easy to check that uj is skew-symmetric and that uj satisfies 
the Leibniz rule. So, A is n-Lie, if A is n-Lie and M is n-Lie module 
over A. Call A semi-direct sum or spZii extension of n-Lie algebra v4 by 
A-module M. 

Suppose that Q is a n-Lie algebra with abelian ideal M, such that 
Q/M is n-Lie. Then M has natural structure of n-Lie module over 
factor- algebra Q/M. Suppose that Q has subalgebra A isomorphic to 
Q/M. Then Q is isomorphic to the semi-direct sum A + M. 

Let M be a n-Lie module over n-Lie algebra A. Let Mi be a sub- 
space of M, such that cJi(ai, . . . , c^-i, m, a i+ i, . . . , a 2n _i) G iV, for any 
m G Mi, z = 1, . . . , n, and ax, . . . , tij, . . . , a 2n _i G A. In such case 
we will say that Mi is n-Lie submodule or just submodule of M. Any 
module has trivial submodules and M. Call M irreducible, if any its 
submodule is trivial. Call M completely reducible, if it can be decom- 
posed to a direct sum of irreducible submodules. Equivalent definition: 
M is completely reducible, if for any submodule iV C M one can find 
additional submodule S C M, such that M = iV © S 1 . 

Proposition 2.1. Let M be a n-Lie module over n-Lie algebra A. 
Then any submodule, any factor-module and dual module of M are 
also n-Lie modules. If Mi and M 2 are n-Lie modules over A, then 
their direct sum Mi © M 2 is also n-Lie module. 

Proof. Consider M as a Lie module of Lie algebra L(A). Suppose 
that iV is a Lie submodule of M. Denote by pu and pn representations 
of L(A) on modules M and iV correspondingly. By our condition M is 
n-Lie module, therefore according ([!]), 

Pm(u(cix, ••• , a n ) A a n+1 A ■ • ■ A a 2 „_ 2 ) = 

n 

^2(-iyp M (ai A • • • di ■ ■ ■ A a n )p M (ai A a n+ i A ■ ■ • A a 2n _ 2 ), 

i=l 
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for any a 1: . . . , a 2n _ 2 G A. Since pN{ a i A ... A a n _!)(m) = pA/( a i A ■ ■ • A 
for any ax, . . . , a n _i G A and m E N, we have 

p N (u(ai, ... , o n ) A a n+ i A ■ • ■ A a 2n _ 2 ) = 

n 

^(-I)Vat(oi A . . . 64 A • • • A a n )p N (ai A a n+i A ■ ■ ■ A a 2 „_ 2 ), 
i=i 

for any oi, . . . , a 2 „_ 2 € A. Therefore, A/" has a structure of n-module 
over n-Lie algebra A. By similar reasons M/N is also n-Lie module. 

It is evident that M 1 © M 2 under action [a 1; . . . , a n _i, mj + m 2 ] = 
[ai, . . . , a n _i, mi] + [ai, . . . , a n _i, m 2 ] is n-Lie module. 

Corollary 2.2. Let M be a n-Lie module over n-Lie algebra A. Then 

• M is irreducible, if and only if M is irreducible as a Lie module 
over Lie algebra L(A). 

• M is completely reducible, if and only if M is completely reducible 
as a Lie module over Lie algebra L(A). 

Proof. The first statement is evident. Irreducibility of M as a Lie 
module of L(A) and irreducibility of M as n-Lie module are equivalent 
by definition. 

Prove the second one. Let N and S be submodules of M, such that 
M = N © S. Then iV and S are Lie submodules of M as modules 
over the Lie algebra L(A) and M = N © S as Lie modules. If M 
is completely reducible as Lie module, then for any Lie submodule 
N C M one can find another Lie submodule S, such that M = N © S. 



By propositionp.l| N and S are also n-Lie submodules. So, M = N®S 



as n-Lie modules. 

3. Vector products n-LiE algebra and its modules 

Let V n be a vector products n-Lie algebra over C. It is (n + 1)- 
dimensional and the multiplication on a basis {ei, . . . , e n } is given by 

[ex,--. ,e i} ... , e n+ i] = (-lYe i} i = 1, . . . , n. 

For example, V 2 is the vector products algebra on C 3 and as a Lie 
algebra it is isomorphic to s/ 2 . 

Recall that the Lie algebra of skew-symmetric n x n-matrices so n , 
n > 3, is semi-simple over K = C. More exactly, it is simple, if n ^ 4 
and has type -B[„/ 2 ], if n is odd and type D n / 2 , if n is even. If n = 4, 
then so 4 = A\ © Ai. For n = 3, so 3 = Ax. 

For A G Q denote by [A] a maximal integer, such that [A] < A. Let 
7Ti, . . . , 7T[ n /2] be the fundamental weights of so n and M(a) be the ir- 
reducible so n -module with highest weight a. Any highest weight can 
be characterized by [n/2]-typle of nonnegative integers {sx, ■ ■ ■ , S[„/ 2 ]}, 



s 
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namely a = J2\=i oti^i- There is another way to describe highest 
weights. 

Suppose that a sequence of integers or half-integers A = {Ai, . . . , \ n /2] } 
satisfies the following conditions 

• Ai > A 2 > • • • > \ n /2] > 0, if n is odd and Ai > A 2 > • • • > |A n / 2 |, 
if n is even. 

• ai,i = 1,... , [n/2], are nonnegative integers, where a, = Aj — 

= 1,... , [n/2] — 1 and a[ n / 2 ] = 2A[ n / 2 ], if n is odd and 
a n /2 = A n / 2 _i + Xn/2, if n is even. 
Then any irreducible finite-dimensional so n -module with highest weight 
a can be restored by a such sequence A. 

Let M be an irreducible so n -module. For n ^4, set q(M) = r, if its 
highest weight a satisfies the condition a r ^ 0, but ay = 0, for any 
r' > r. For n = 4, set q(M) = 1, if so4-module is isomorphic to M ty t, 
for some nonnegative integer t and q(M) = 2, if M = Mt >r , for some 
t ^ r. 

Let a be a highest weight for so n -module and n^4. Then q(a) = 1, 
if and only if a has the form k^i for some nonnegative integer k. 

Any finite-dimensional irreducible s/ 2 -module is isomorphic to (7+1)- 
dimensional irreducible module Mj with highest weight /. Recall that 
any highest weight of s/ 2 can be identified with a some nonnegative inte- 
ger. As we mentioned above so 4 = s/ 2 ©s/ 2 . Any irreducible so 4 -module 
M can be characterized by two nonnegative integers (t,r). Namely, 
M = Mt t r = Mf ® M r , where the action of a + b on m + s, where a 
is an element of the first copy of sZ 2 and b is an element of the second 
copy of sZ 2 and w! G M t , m" G M r , is given by 

(a + b) (m! <8> m") = a(m') ® m" + m' ® b(m"). 

Notice that in this realization to so4-module M with g(M) = 1 corre- 
sponds the s/ 2 © s/ 2 -module M^t, for t > 0, t G Z. 

In !|] is proved that V n is simple and any derivation of V n is interior. 
Therefore, A™ -1 !^ = IntV n . More detailed observation of his proof 
shows that takes place the following 

Theorem 3.1. For any n > 2, 

Der V n = Int V n = so n+i . 

In particular, 

L(V 2 ) ^V 2 ^ sl 2 , 
L(V 3 ) = V3 A V3 = sl 2 © sl 2 , 
L(V n ) = A n-1 K = so n+1 ,n > 4. 
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In other words, take place the following isomorphisms of Lie algebras 

V 2 = Ai, 
L(V 3 ) 2* A,® A,, 
L(V n ) = B n / 2 , if n > 4 is even, 
L(V n ) = D( n+ i)/ 2 , ifn > 4 is odd. 

Lemma 3.2. The isomorphism of Lie algebras L(V n ) = so n+1 can be 
given by 

ei A • • • Si A • • • ij A • • • A e n+ i i-> (-iy +j+n+1 e i:j , i < j. 

Proof. Easy calculations. 

Lemma 3.3. Let M be so n+ i-module. Define quadratic elements Rij S k 
ofU(so n+1 ) by 

Rijsk &ij&sk + &is&kj + &ik&jsi 1 — ^7 J 7 $7 k — ^ + 1 • 

JTien M can be prolonged to n-Lie V n -module, if and only if, R^s^m = 
0, for any m G M and 1 < i < n+1, l<j<s<k< n+1, i £ {j, s, k}. 

Proof. Below we use the following notation. If a,b,c, . . . are some 
vectors, then < a, b, c, . . . > denotes their linear span and {a, b,c, . . . } 
denotes the set of these elements (order of elements are not important) 
and by (a, 6, c, . . . ) we denote the vector with components a, 6, c, . . . 
(order of elements is important). 

Notice that X aiv .. )Cl2n _ 2 is skew-symmetric under arguments 
and a n+ i, . . . , a 2 „_ 2 . Therefore, X ai ^_ >a2n _ 2 = 0, if dimension of the 
subspace < a±, . . . ,a n > is less than n or dimension of the subspace 
< a n+ i, . . . , a 2ri „ 2 > is less than n — 2. 

Suppose that dim < a±, . . . ,a n >= n. 

Check that X ai> _ >a2n _ 2 = 0, if V n ^< a 1? . . . , a 2 „_ 2 > • We can as- 
sume that ai, . . . , a 2n -2 are basic vectors. Suppose that {ai, . . . , a n } = 
{ei, ... , . . . , e n+ i} for some i G {1, ... , n + 1}. Since V n does not co- 
incide with the subspace < a\, . . . , a 2ri _ 2 > and therefore, its dimension 
is less than n+1, we have {a n+ i, . . . , a 2 „_ 2 } = {ei, . . . ,S { ,... , Sj, ... ,e s ,. . . , e n+1 } 
for some j, s 7^ i, j < s. Let for simplicity a± — e±, . . . , aj_i = e^-i, = 
6i + i, ... ,a n = e n+ i and (a n+ i, . . . , a 2n _ 2 ) = {e\, ... ,e%,... ,Sj, . . . , e s , . . . , e n+ \). 

We have 

uj(a x , ... ,a n ) = u(ei, . . . , S h . . . , e n ) = (-1)^. 

Further 

a r A a n+l A • • • A a 2n _ 2 = 0, 
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if a r 7^ ei, ej, e s . Therefore, 

{a x A • • • d r A • • • A o„) (a r A a n+1 A ■ ■ • A a 2n _ 2 ) = 0, 

if ft r 7^ 6^ ; 6j , C s . 

Let / : A n_1 \4 — >■ so n+ i be the isomorphism of Lie algebras con- 
structed in lemma [3.2| . Prolong it to the isomorphism of universal 
enveloping algebras / : [/(A™ -1 ^) — > C/(so n+ i). 

Thus, 

f{u(a u ... , a n ) A (a n+1 A • ■ ■ A a 2n _ 2 )) = 
/((-l)^ A ei A • • • £ A • • • ej A • • • e" s A • • • A e n+1 ) = 
-f{ei A • • • ij A • • • e s A • • • A e n+1 ) = 
(-l) i+,+n e 7> . 

On the other hand 

n 

J2(-l) r + n f( ai A • • • d r A • • • A O /(or A a n+ i A • • • A a 2 „_ 2 ) = 

r=l 

(_l)«+j-ij(e lA . . . g. . . . £. . . •Ae n+1 )/(e j AeiA- ■•e i ---e j --- e s ■ ■ -Ae n+1 ) 
+ (-l) n+s_1 /(ei A- • • ^ • • • e s • • -Ae n+ i)/(e s Aei A- • • e { ■ ■ ■ e r ■ ■ e s ■ ■ -Ae n+1 ) = 

( 1) &ij&is ( 1) &is&ij 

-(-iy+s+"[ eij ,e is ] = (-iy +s+n e js . 

Therefore, /(X ai) ... )(l2 „_ 2 ) = 0, and X aii ... j(l2n _ 2 = 0, if the subspace 
generated by a 1; . . . , a 2n _ 2 does not coincide with V n . 

Now suppose that V n is generated by elements a 1; . . . ,a 2 „_ 2 . As 
above we can assume that these elements are basic elements and ( 

) and (a n+ i, . . . , a 2n _ 2 ) = (ei, ... , e), . . . , e s , . . . , e^, . . . , e n+ i) 
for some 1 < % < n + 1, 1 < j < s < k < n + 1, z ^ {j, s, k}. Then 

w(ai, ... , a n ) A a n+ i A • • • A a 2 „_ 2 = 0, 

since G {a n+ i, . . . , a 2 „_ 2 }. Calculations as above show that 

n 

J2(-l) r + n f( ai A ■ • • d r A • • • A O /(a r A a n+1 A • • ■ A a 2n _ 2 ) = 

r=l 

^Rijsk- 

So, /pT 0lj ... j02n _ 2 ) G< : 1 < i < n + 1, 1 < j, s, k < n + 1 > . 
Notice that Rij S k is skew-symmetric by arguments j, s, k. Moreover, 

Rijsk &ij\&isi 6jfc] &is\&iki &ik\&iji &is\ > 

and, 

if i G {j, s,fc}. 
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So, so n+1 -module M can be prolonged to n-Lie module, if and only 
if Rijskfn = 0, for any m G M, 1 < i < n + 1,1 < i < j < k < n + 1. □ 

Denote by U r (L) =< x\x<i---x r ' '■ %i £ L,r' < r > a subspace of 
U(L) generated by products of r elements. Let C U\{L) = L C 
U2{L) C • • • be an increasing filtration of E/(X) and S'(L) be a sym- 
metric algebra of L. Endow U(L) and S(L) = grU(L) by a struc- 
ture of L-modules under adjoint action. Then S(L) = (B r > S r (L), 
where S r (L) = U r (L)/U r -.i(L) is a symmetric r-th power of adjoint 
representation. In particular, there is a natural imbedding Q2{A) = 
Q(A) fl U2(L(A)) — > S 2 (Ad). One can establish the following isomor- 
phisms of so n+ i-modules 



Q 2 (K) = 



M(vr 4 ), 


if 


n 


> io 


M(7T 4 + 7T 5 ), 


if 


n 


= 9 


M(2tt 4 ), 


if 


n 


= 8 


M(2tt 4 ) + M(2tt 3 ), 


if 


n 


= 7 


M(2vr 3 ), 


if 


n 


= 6 


M(7r 2 + 7r 3 ), 


if 


n 


= 5 


M(tt 1 ), 


if 


n 


= 4 


c, 


if 


n 


= 3 



Below we use branching rules for irreducible modules corresponding 
to the imbedding so„_i C so n given in JTJ. 

The proof of theorem |1.1| is based on the following 

Theorem 3.4. Let k > 1. 

i) Let M = M(a) be a finite- dimensional irreducible so2 k +i-Tnodule 
with highest weight a = Yli=i cti^i- Then M as a module over Lie subal- 
gebra so2k has a submodule, isomorphic to M(a), where a = Y^=i Qi^i 
and 6>i = ati, i = 1, . . . ,k — 1, and a k = ac^-i + ct k . 

ii) Let M = M(a) be a finite- dimensional irreducible so2k-module 
with highest weight a = Yli=i oti^i- Then M as a module over Lie 
subalgebra so2k-i has a submodule, isomorphic to M(ct), where a = 
YliZi ct^i and cti = a { , i = 1, . . . , k - 2, a k _ x = a fc _i + a k . 

Proof. 

i) Take 

k-l 

A fc = Qffc/2, Xi = ^2 a j + a k/2, 1 <i <k. 

j=i 

According branching theorem 12.1b []J any so2fe-submodule of M(a) 
has weight of the form a, such that corresponding A satisfies the fol- 
lowing inequality 

Ai > |Ai| > A2 > ■ • • > Afc_i > [ Afc — x I > Afc > |Afc|- 
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The Xj are integral or half-integral according to what the Xj are. If 
we take Xi := Ai, then such A satisfies these conditions. Therefore, 
M{ot) has so2fc-submodule isomorphic to M(a), where a = Ya=i oa^i, 
oti = Xi - A i+ i = a h for i = 1, . . . , k - 1, and a k = A fe _i + A fc = 
Afc_i + Afc = a>k-i + a.k- So, the so 2 fc+i-niodule M(a) as so 2 fc-module has 
a submodule isomorphic to M(a), where a = Y$=i 0(i^'i+{<^k-i J r a k)'^k- 
ii) We have 

ai = Xi - A i+ i, 1 < i < A; — 1, of*. = Afc_i + A fc . 

By branching theorem 12.1a |]J any sc^-i-sub module of M(a) is iso- 
morphic to M(a), such that corresponding A satisfies the following 
inequality 

Ai > |Ai| > A 2 > • • • > Afc_i > |Afe_i| > |Afc|. 

The Xj are integral or half-integral according to what the Xj are. No- 
tice that a sequence A constructed by the following way satisfies these 
conditions 

\ — Xi, 1 < i < n — 1. 
So, sc>2fc-module M(a) as so2fc-i-module has submodule M(a), where 

on = Aj - Aj+i = a u 1 < i < k - 2, 
«fc-i = 2A fc _i = 2A fc -i = a k -i + a k . 

Corollary 3.5. Let n > 4 and M be irreducible so n -module such that 
q(M) > 1. Then M as a module over subalgebra so n _i C so n has a 
submodule isomorphic to M, such that q(M) > 1. 

Proof. It is easy to see that for irreducible module M with high- 
est weight a, the condition q(M) > 1, is equivalent to the condition 
Ei>i a, > 0. 

Let a be highest weight of so n _i, defined by cti = a iy i = 1, . . . ,k — l, 
and «fc = «fc-i + «fc, if n = 2& + 1, and «j = 2 = 1, . . . , k — 2, 
a fc _i = a fc _i + ai fc , if n = 2fc. 

Notice that 

i>l i>l i>l 

iin — 2k + l,k>l and 

i>l i>l 

if 71 = 2fc, fc > 2. 

By theorem [T4] so n -module M = M(a) as so n _i-module has a sub- 
module isomorphic to M = M(a). If q(M) > 1, then q(M) > 1. □ 
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Notice that gl n can be realized as a Lie algebra of derivations of 
K[xi, . . . , x n ] of the form Y17j=i ^ij x idj, \j £ K. Its subalgebra so n is 
generated by elements = Xidj — Xjdi. The set {eij : 1 < % < j < n} 
consists of basis of so n . The multiplication on so n can be given by 

[e ij ,e sk ] = 0, if \{i,j,s,k}\=A, 

Lemma 3.6. Let M = M t>r be an irreducible so^-module. Then M 
can be prolonged to 3-module over 3- Lie vector products algebra V 3 , if 
and only ift — r. 

Proof. The algebra so 4 has the basis {e^ : 1 < i < j < 4}. Take 
here another basis {fi I < i < Q}, by 

fi = (ei2 + e 34 )/2, f 2 = (ei 3 - e 24 )/2, / 3 = (e u + e 23 )/2, 
/4 = (-ei2 + e 34 )/2, / 5 = (ei 3 + e 24 )/2, / 6 = (-e i4 + e 23 )/2. 

Then 

[fl, f2\ = — /3, [A, /3] = /2, [/2, /3] = — /l, 

[A, /s] = /6, [/s, /is] = U, [/is, fi] = fb, 
[fijj] =, z = 1,2,3, j = 4, 5, 6. 



We see that 



and 



ei2 = fi~ U, ei3 = /2 + / 5 , ei4 = /s - /e, 
e 2 3 = /a + /e, e 2 4 = -fi + /s, e 34 = /1 + / 4 , 

-R1234 = ei 2 e 34 — ei 3 e 24 + ei 4 e 23 = 

fi — fl + fl ~ fl + ft ~ fl = 
C\ — C 2 , 



where 



Ci = fl + f 2 +fl c 2 = fl + fl + fl, 

are Casimir elements of subalgebras < /1, / 2 , / 3 >= s/ 2 and < / 4 , / 5 , / 6 >? 
s/ 2 . Well known that any irreducible finite-dimensional s/ 2 -module is 
uniquely defined by eigenvalue of the Casimir operator on this module. 
Therefore, M t>r is 3-Lie module, if and only if t = r. 

Lemma 3.7. Let n > 3. Any irreducible so n+ i-module M(tni) can be 
prolonged to n-Lie module ofV n . Let M be an irreducible so n+ i-module 
with q(M) > 1. Then M can not be prolonged to n-Lie module over 
n-Lie algebra V n . 
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Proof. Let n > 3. Let us consider realization of M(tni) as a space 
of homogeneous polynomials Ei<n<...<i t <n+i A il ...i t x il . . . x it . 
By lemma [3.3| we need to check that 

RijskU = 0, for u = x h . . .x it , 

for any {i,j, s, k}, such that l<i<n + l, l<j<s<k<n + l, 
i $l {j, s, k} and 1 < ii < i% < • • • < i t < n + 1. 

Let I = {i, j, s, k}. Present u in the form vw, where v = Hi^m^,... ,i t } x i 
and w = ILg{u,... ,i t }\i x i- Notice that 

Rijskivw) = R ijsk {v)w. 

Therefore it is enough to check that Rij S k(v) = 0, for elements v G 
M(tni) of the form 

v = XiXjX s Xk, 1 < i < n + 1, 1 < j < s < k < n + 1, i ^ {j, s, k}, 

v = XjX s Xk, i<j<s<k<n + l, 
v = XiX s Xk, 1 < i < n + 1,1 < s < k < n + 1, 
v = XjXk-, 1 <j <fc<n + l, 
v = XiXk, 1 < i < n + 1,1 < k < n + 1, 
v = Xki 1 < k < n + 1, 
v — Xi, 1 < i < n + 1. 

Let i j, s, k. Then 

Rijski^i^j^s^k) 

/ 2 2\ , / 2 2 \ i / 2 2\ 

e. . I iy . ry . /->-• ry . iy . iy" 1 _l_ p . I ,y . ,y iy" ,y . iy" ,y 1 _l_ . . [ y . ,y ry . ry . iy iy , 1 

C{j {XiX j^X s &ij {XiX j^)Xfc-\-&i s {XiXs^Xfc &i s {XiX g)X j ~\~&ik {XiXfc^X j &ik {XiXfcjC 
{2 2\ 2 / 2 2\ J i / J 2\ 2 / 2 2\ 2 , / 2 2\ 2 / 2 2\2 

[ ,y , y I iy " | , y , y I ,y I | ,y ,y I ,y | , y , y I ,y I | ,y ,y I ,y | , y , y I ,y 

V^i ^jj^ s \^i iAj jJ^k n ~\ Uj i '^sJ^k V^i ^ s J^jn-y^i UsfcjUsj y+v^ ^k/^s 

Rijsk{%j%s%k) 

^iji^j^s ^j^k) &is{_%s%k % j% s) H~ &iki% j%k ^s^fc) 

6ij[Xj^)X s Cij{x j^)Xfc ~\- Ci s {x s)%k &is{% s)% j H - &ik{%k)% j 6^fc(x^)x s 
"2 2 i 2 2 i "2 2 r\ 

,y . ,y ,y . ,y _l_ ,y , /■j'* <-y< , ry _l_ y . y iy . / >•» I I 

t/y ^ g J.- 2 ^> I 2 *" 2 *" ^' I 2 *-*-• j <X- 2 *-*-' ^ VJ ^ 

Rijsk[%i% s^k) 
Cij{XiX s XiXfcj ~h ( XiXjX s ^j ~\~ &ifc(^XiXjXk^j 



GijiyXi^X s CijiyXijXfc €<i s {XiX g^X j ~h Gifc{XiXk)X 



J 



2 1 2 2 1 2 1 2 2 r\ 

_ '">"* . <y _l_ ">"• . /-> ■ / > ■ />■» . _i_ iy ,y , _i_ >y >y . T If* ■ I I 

Ju j %kj g I tXj j tXj Js. *Xj j iX. j I iAj q iX- ^ I tX/ 2 ^ J tX- k j 5 



Rijsk{%s%k) 
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^iji.^s ~^k) •Ej^s) ^ik^j^k) •Ej %j 0, 

Rijsk^i-^k) 

C t j ^ Ou 2, «Z' g J I 6 1 s \ *^ % j J j *^ s I *^ s *^ j ^ i 

Rijskif^k) "I - ^is( 0) 

Rijskif^i) 0' 

So, we have checked that Q(V^)M(t7ri) = 0, if n > 3. 

Suppose now that q(M) > 1. We need to prove that Rij^m ^ 0, for 
some 1 < i < n + 1,1 < j < s < k < n + 1 and m G M. 

Let us use induction on n > 3. If n = 3, then by lemma |3.6| any 
irreducible so n+ i-module M with g(M) > 1 can not be prolonged to 
n-Lie module. Suppose that the statement is true for n — 1 > 3. If 
q(M) > 1 for so n+ i-module M, then by corollary |3]^ there exists its 
so n -submodule M, such that q(M) > 1. Then by inductive suggestion 
there exists some Rij S k G Q(V n ^i) C U(so n ) and m G M, such that 
Rijskiri ^ 0. Since m G M C M and G U(so n ) C [/(so n+ i)i this 

means that R^s^m ^ as elements of M. So, we have proved that our 
statement for n. 



Proof of theorem 1.1 



i) By theorem |3.1| Lie algebra A n ~ 1 V n = so n+1 is semi-simple. There- 
fore, by Weyl theorem and proposition [2.2| , any any finite-dimensional 
n-Lie representation of V n is completely reducible. 

ii) and iii) For n = 2 our statements are evident. Let n > 2. By 
lemma [T7| and lemma [T6] M(tTTi),n > 3, or M t) t, n = 3, is V^-module 
for any nonnegative integer t and any module with q(M) > 1 can not 
be n-Lie module. 
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